On the double series expansion of holomorphic functions  by Fujita, Keiko & Morimoto, Mitsuo
J. Math. Anal. Appl. 272 (2002) 335–348
www.academicpress.com
On the double series expansion of holomorphic
functions
Keiko Fujita a,∗ and Mitsuo Morimoto b
a Faculty of Culture and Education, Saga University, Saga 840-8502, Japan
b Department of Mathematics, International Christian University, Tokyo 181-8585, Japan
Received 18 June 2001
Submitted by H. Gaussier
Abstract
A holomorphic function f in a neighborhood of 0 in Cn+1 can be expanded into the
double series: f (z) =∑∞k=0∑[k/2]l=0 (z2)lfk,k−2l(z), where fk,k−2l is a homogeneous
harmonic polynomial of degree k − 2l and z2 = z21 + · · · + z2n+1. We characterized
holomorphic functions on the complex Euclidean ball, on the Lie ball or on the dual Lie
ball by the growth behavior of homogeneous harmonic polynomials in their double series
expansion. In this paper, we consider holomorphic functions and analytic functionals on
an Np-ball which lies between the Lie ball and the dual Lie ball, and characterize them by
the growth behavior of homogeneous harmonic polynomials. Our results lead a new proof
of a known theorem on the Fourier–Borel transformation.
 2002 Elsevier Science (USA). All rights reserved.
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0. Introduction
Let E˜ ≡ Cn+1, n  2. It is well-known that a holomorphic function f on
a neighborhood of 0 in E˜ can be expanded locally into homogeneous polyno-
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mials fk : f = ∑∞k=0 fk . Further, the homogeneous polynomial fk of degree
k can be expanded into homogeneous harmonic polynomials fk,k−2l : fk(z) =∑[k/2]
l=0 (z2)lfk,k−2l (z), where z2 = z21 + z22 + · · · + z2n+1 and fk,k−2l is a homoge-
neous harmonic polynomial of degree k−2l;∆zfk,k−2l (z)≡ (∂2/∂z21+∂2/∂z22+
· · · + ∂2/∂z2n+1)fk,k−2l (z)= 0. Thus f can be expanded locally into the double
series
f (z)=
∞∑
k=0
[k/2]∑
l=0
(z2)lfk,k−2l (z).
We call the right-hand side the double series expansion of f and fk,k−2l the
(k, k − 2l)-harmonic component of f .
In this paper, we denote by O(G) the space of holomorphic functions on a
domain G of E˜ equipped with the topology of uniform convergence on compact
sets, and by O(K) = ind lim{O(W); W : open, W ⊃ K} the space of germs of
holomorphic functions on a compact set K of E˜ equipped with the inductive limit
locally convex topology. We put ‖f ‖C(K) = supz∈K |f (z)|.
Let L(z) be the Lie norm, let B˜(r)= {z ∈ E˜; L(z) < r} be the Lie ball, and let
S be the real unit sphere. In [8], the second named author proved the following
theorem:
Theorem A. If f ∈O(B˜(r)), then the sequence {fk,k−2l} of (k, k− 2l)-harmonic
components of f satisfies
lim sup
k→∞
(‖fk,k−2l‖C(S))1/k  1/r. (1)
Conversely, if a sequence {fk,k−2l} of homogeneous harmonic polynomials
satisfies (1), then the double series ∑∞k=0∑[k/2]l=0 (z2)lfk,k−2l (z) converges to a
holomorphic function f in O(B˜(r)).
In short, we will abbreviate such a kind of theorem as follows:
f ∈O(B˜(r)) if and only if lim sup
k→∞
(‖fk,k−2l‖C(S))1/k  1/r.
The aim of this paper is to prove such a kind of theorem on the Np-ball B˜p(r)
defined by
B˜p(r)=
{
z ∈ E˜; Np(z) < r
}
, p  1,
where Np(z)= ( 12 (L(z)p + (|z2|/L(z))p))1/p. We know that Np(z) is a norm on
E˜ (see [6] or [11]), L(z) = limp→∞Np(z), and B˜[r] =⋂p1 B˜p[r]. Note that
N2(z) = ‖z‖ =
√|z1|2 + · · · + |zn+1|2 and B˜2(r) is the complex Euclidean ball
of radius r in E˜. Professor Jósef Siciak kindly communicated to us that M. Baran
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studied more general cases than our Np norms in “M. Baran, Conjugate norms in
Cn and related geometrical problems, Dissertationes Mathematicae CCCLXXVII
(1998) 1–67.”
In [2] and [4], we proved theorems similar to Theorem A for f ∈O(B˜p(r)),
p = 1,2. In Section 2, as in [4], we will characterize holomorphic functions
f ∈O(B˜p(r)) as follows:
f ∈O(B˜p(r)) iff lim sup
k→∞
((
2kl!(k − l)!
k!
)1/p
‖fk,k−2l‖C(S)
)1/k
 1/r.
Then, in Section 3, we will characterize entire functions of exponential type
measured by the Np-norm.
On the other hand, in [2], we also characterized analytic functionals T on the
Np-ball, p = 1,∞, by the growth behavior of their harmonic components Tk,k−2l
defined by
Tk,k−2l(w)=
〈
Tz,N(k − 2l, n)(z2)lP˜k−2l,n(z,w)
〉
,
where N(k − 2l, n) is the dimension of the space of homogeneous harmonic
polynomials of degree k − 2l in E˜ and P˜k−2l,n(z,w) is the harmonic extended
Legendre polynomial (for the definition see Section 2). In Section 4, we extend
our theorems to analytic functionals on the Np-ball, 1 p ∞, and in Section 5,
to entire functionals of exponential type measured by theNp-norm. As a corollary,
we can give a different proof to a special case of a theorem of A. Martineau on
the Fourier–Borel transformation (see Corollary 5.2 and Theorem 5.3).
1. Np-norm and Np-ball
Let
L(z)=
√
‖z‖2 +
√
‖z‖4 − |z2|2
be the Lie norm on E˜ = Cn+1, where z · w = z1w1 + z2w2 + · · · + zn+1wn+1,
z2 = z · z and ‖z‖2 = z · z. Put
M(z)= |z2|/L(z)=
√
‖z‖2 −
√
‖z‖4 − |z2|2
and consider the function
Np(z)=
(
1
2
(
L(z)p +M(z)p))1/p, p  1.
Then Np(z) is monotone increasing in p; that is, Ns(z)  Nt(z) for s < t and
limp→∞Np(z) = L(z). We interpret N∞(z) = L(z). We know that Np(z), 1 
p ∞, is a norm on E˜. Note that N2(z)= ‖z‖ is the complex Euclidean norm.
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For a norm N(z), the norm N∗(z) dual to N(z) is defined by N∗(z) =
sup{|z · ζ |; N(ζ ) 1}. We know that Np(z) is dual to Nq(z) if 1/p + 1/q = 1,
1 p,q ∞ (see [11]). We call N1(z)= L∗(z) the dual Lie norm.
For a norm N(z), define the open N -ball B˜N (r) (respectively, the closed N -
ball B˜N [r]) of radius r with center at 0 in E˜ by
B˜N (r)=
{
z ∈ E˜; N(z) < r} (respectively, B˜N [r] = {z ∈ E˜; N(z) r}).
If N(z)=Np(z), we denote B˜Np = B˜p , B˜1 = B˜∗, and B˜∞ = B˜ . We call B˜∗(r)
the dual Lie ball, B˜(r) the Lie ball, and B˜2(r) the complex Euclidean ball of
radius r . For 0 < λR we put
B˜(λ,R)= {z ∈ E˜; |z2|< λ2, L(z) < R},
B˜[λ,R] = {z ∈ E˜; |z2| λ2, L(z)R}.
When λ=R, B˜(R)= B˜(λ,R) and B˜[R] = B˜[λ,R]. If 1 p <∞, then we have
B˜p(r)=
⋃{
B˜[λ,R]; 0 < λR, Rp + λ2p/Rp < 2rp},
B˜p[r] =
⋃{
B˜[λ,R]; 0< λR, Rp + λ2p/Rp  2rp}. (2)
2. Holomorphic functions on the Np-ball
It is well-known that f ∈ O({0}) can be expanded locally into the homoge-
neous polynomials fk : f =∑∞k=0 fk ,
fk(z)= 12πi
∫
|t |=ρ
f (tz)
tk+1
dt,
where ρ > 0 is sufficiently small. Further, the homogeneous polynomial fk can
be expanded into homogeneous harmonic polynomials (see (5) below).
We denote by Pk∆(E˜) the space of homogeneous harmonic polynomials of
degree k in E˜ and by N(k,n) the dimension of Pk∆(E˜). We know N(k,n) =
(2k + n − 1)(k + n − 2)!/(k!(n − 1)!). We denote by Pk,n(t) the Legendre
polynomial and define the harmonic extended Legendre polynomial P˜k,n(z,w)
by
P˜k,n(z,w)=
(√
z2
)k(√
w2
)k
Pk,n
(
z√
z2
· w√
w2
)
.
Then ∆zP˜k,n(z,w)≡ (∂2/∂z21 + ∂2/∂z22 + · · · + ∂2/∂z2n+1)P˜k,n(z,w)= 0,∣∣P˜k,n(z,w)∣∣ L(z)kL(w)k, (3)
and P˜k,n(z,w)= P˜k,n(w, z) (see, for example, [9]).
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For a homogeneous polynomial fk of degree k, define
fk,k−2l(z)=N(k − 2l, n)
∫
S
fk(ω)P˜k−2l,n(z,ω) ˙dω, (4)
where ˙dω is the normalized invariant measure on the real unit sphere S. Then we
have
fk(z)=
[k/2]∑
l=0
(z2)lfk,k−2l (z). (5)
Note that fk,k−2l ∈Pk−2l∆ (E˜). Thus f ∈O({0}) can be expanded locally by means
of homogeneous harmonic polynomials as follows:
f (z)=
∞∑
k=0
[k/2]∑
l=0
(z2)lfk,k−2l(z). (6)
We call the right-hand side in (6) the double series expansion of f and fk,k−2l the
(k, k − 2l)-harmonic component of f .
If f (z) =∑∞k=0∑[k/2]l=0 (z2)lfk,k−2l(z) ∈ O(B˜[λ,R]), then fk,k−2l is repre-
sented by an integral over
Σλ,R =
{
z ∈ E˜; |z2| = λ2, L(z)=R}
with respect to the normalized invariant measure ˙dw as follows (see [10]):
fk,k−2l(z)= N(k − 2l, n)
λ4lLk−2l,λ,R
∫
Σλ,R
(w2)lP˜k−2l,n(z,w)f (w) ˙dw, (7)
where Lk,λ,R = λ2kPk,n( 12 (λ2/R2 +R2/λ2)). We know
Γ (k + (n+ 1)/2)
N(k,n)Γ ((n+ 1)/2)k!R
2k  Lk,λ,R R2k (8)
(see, for example, [1] or [9]). We have the following lemma:
Lemma 2.1. Let 0 < λR. If f ∈O(B˜[λ,R]), then we have
‖fk,k−2l‖C(S)  Ck,lλ−2lR−(k−2l)‖f ‖C(Σλ,R), (9)
where the constants Ck,l > 0 are independent of f and satisfy
lim sup
k→∞
k
√
Ck,l = 1. (10)
Proof. By the integral representation formula (7) and (3), we have (9) if we put
Ck,l = N(k − 2l, n)
Lk−2l,λ,R
R2k−4l .
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By (8), the constants Ck,l satisfy
N(k − 2l, n) Ck,l  N(k − 2l, n)
2Γ ((n+ 1)/2)(k− 2l)!
Γ (k − 2l + (n+ 1)/2) ,
whence we have (10). ✷
We can characterize holomorphic functions f in O(B˜p(r)) by the growth be-
havior of their harmonic components fk,k−2l . The following theorem generalizes
Theorem A and theorems for the dual Lie ball or the complex Euclidean ball in
[2] or [4]:
Theorem 2.2. Let f ∈ O({0}) be expanded into (6) and 1  p ∞. Then we
have
(i) f ∈O(B˜p(r)) if and only if
lim sup
k→∞
((
2kl!(k − l)!
k!
)1/p
‖fk,k−2l‖C(S)
)1/k
 1/r; (11)
(ii) f ∈O(B˜p[r]) iff
lim sup
k→∞
((
2kl!(k − l)!
k!
)1/p
‖fk,k−2l‖C(S)
)1/k
< 1/r.
Proof. We prove only (i) for 1 p <∞ (when p =∞, see [8]).
Let f be a holomorphic function on B˜p(r). By Lemma 2.1, for any λ, R and r ′
such that 0 < λR and Rp+λ2p/Rp  2(r ′)p < 2rp we have (9). In particular,
for k = 0,1, . . . , l = 0,1, . . . , [k/2], if we put
λp = 2(r ′)p√(k − l)l/k, Rp = 2(r ′)p(k − l)/k,
then we get
‖fk,k−2l‖C(S)  Ck,l
(
1
r ′
)k(
kk
2kll(k − l)k−l
)1/p
‖f ‖C(Σλ,R).
Therefore, (10) and the Stirling formula imply
lim sup
k→∞
((
2kl!(k − l)!
k!
)1/p‖fk,k−2l‖C(S)
)1/k
 1/r ′.
Since r ′ < r is arbitrary, we have (11).
Conversely, suppose that a sequence {fk,k−2l} of homogeneous harmonic
polynomials satisfies (11). Then for any r ′ < r there is C  0 such that
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‖fk,k−2l‖C(S)  C(k!/(2
kl!(k − l)!))1/p
(r ′)k
for k = 0,1,2, . . . , l = 0,1, . . . , [k/2]. Let q > 1 satisfy 1/p+ 1/q = 1. Then we
have
∞∑
k=0
[k/2]∑
l=0
∣∣(z2)lfk,k−2l(z)∣∣

∞∑
k=0
[k/2]∑
l=0
|z2|l‖fk,k−2l‖C(S)L(z)k−2l
C
∞∑
k=0
[k/2]∑
l=0
(
k!
2kl!(k − l)!
)1/p( 1
r ′
)k
L(z)k−lM(z)l
C
∞∑
k=0
(
1
21/pr ′
)k k∑
l=0
(
k!
l!(k − l)!
)1/p
L(z)k−lM(z)l
C
∞∑
k=0
(
1
21/pr ′
)k
(k + 1)1/q
(
k∑
l=0
k!
l!(k − l)!L(z)
p(k−l)M(z)pl
)1/p
= C
∞∑
k=0
(
1
21/pr ′
)k
(k + 1)1/q(L(z)p +M(z)p)k/p
= C
∞∑
k=0
(
1
r ′
)k
(k + 1)1/qNp(z)k.
This calculation shows that the double series
∞∑
k=0
[k/2]∑
l=0
(z2)lfk,k−2l(z) (12)
converges uniformly on compact sets in B˜p(r ′). Since r ′ < r is arbitrary, (12)
defines a holomorphic function f on B˜p(r). ✷
3. Entire functions of exponential type
For an entire function f and a norm N(z) on E˜, we put
‖f ‖X(r,N) = sup
{∣∣f (z)∣∣exp(−rN(z)); z ∈ E˜},
X(r,N)= {f ∈O(E˜); ‖f ‖X(r,N) <∞}.
Then X(r,N) is a Banach space with respect to the norm ‖f ‖X(r,N). We define
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Exp
(
E˜; (r,N))= {f ∈O(E˜); ∀r ′ > r, ‖f ‖X(r ′,N) <∞}= ⋂
r ′>r
X(r ′,N),
Exp
(
E˜; [r,N])= {f ∈O(E˜); ∃r ′ < r, ‖f ‖X(r ′,N) <∞}= ⋃
r ′<r
X(r ′,N),
and equip Exp(E˜; (r,N)) with the projective limit locally convex topology and
Exp(E˜; [r,N]) with the inductive limit locally convex topology.
We have the following theorem:
Theorem 3.1. Let f (z) ∈O(E˜) be expanded into (6). Suppose 1 p,q ∞ and
1/p+ 1/q = 1. Then we have
(i) f ∈ Exp(E˜; (r,Np)) if and only if
lim sup
k→∞
((
2kl!(k − l)!)1/p(k!)1/q‖fk,k−2l‖C(S))1/k  r; (13)
(ii) f ∈ Exp(E˜; [r,Np]) if and only if
lim sup
k→∞
((
2kl!(k − l)!)1/p(k!)1/q‖fk,k−2l‖C(S))1/k < r.
Proof. We prove only (i) for 1 p <∞ (when p =∞, see [3] or [5]).
Let f (z) ∈ Exp(E˜; (r,Np)) be expanded into (6). By the definition, for any
r ′ > r we have |f (z)| ‖f ‖X(r ′,Np) exp(r ′Np(z)). Then by Lemma 2.1, for any
0 < λR we have
‖fk,k−2l‖C(S) 
‖f ‖X(r ′,Np)Ck,l
λ2lRk−2l
exp
(
r ′
((
Rp + (λ2/R)p)/2)1/p).
If we take λp = 2√(k − l)lkp−1/(r ′)p and Rp = 2(k − l)kp−1/(r ′)p , then
(Rp + (λ2/R)p)/2 = kp/(r ′)p , λ2lRk−2l = (2k(k − l)(k−l)ll)1/pkk/q/(r ′)k , and
‖fk,k−2l‖C(S)  Ck,l‖f ‖X(r ′,Np)
(
2kll(k − l)k−l)−1/pk−k/q(r ′)kek. (14)
Therefore, (10) and the Stirling formula imply
lim sup
k→∞
((
2kl!(k − l)!)1/p(k!)1/q‖fk,k−2l‖C(S))1/k  r ′.
Since r ′ > r is arbitrary, we have (13)
Conversely, suppose that a sequence {fk,k−2l} of homogeneous harmonic
polynomials satisfies (13). Then for any r ′′ > r ′ > r there is C  0 such that
‖fk,k−2l‖C(S)  C (r
′)k
(2kl!(k − l)!)1/p(k!)1/q
for any k = 0,1, . . . , l = 0,1, . . . , [k/2]. Therefore, we have
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∣∣∣∣∣
∞∑
k=0
[k/2]∑
l=0
(z2)lfk,k−2l (z)
∣∣∣∣∣
C
∞∑
k=0
(r ′)k
2k/pk!
k∑
l=0
(
k!
l!(k − l)!
)1/p
L(z)k−lM(z)l
C
∞∑
k=0
(r ′)k(k + 1)1/q
2k/pk!
(
k∑
l=0
k!
l!(k − l)!L(z)
p(k−l)M(z)pl
)1/p
= C
∞∑
k=0
(r ′)k(k + 1)1/q
k!
{
1
2k
(
L(z)p +M(z)p)k}1/p
= C
∞∑
k=0
(k + 1)1/q (r
′Np(z))k
k!
C′ exp
(
r ′′Np(z)
)
,
with another constant C′  0. Since r ′′ > r is arbitrary,
∑∞
k=0
∑[k/2]
l=0 (z2)l ×
fk,k−2l (z) defines an entire function f on Exp(E˜; (r,Np)). ✷
4. Analytic functionals on the Np-ball
We denote by X′ the dual space of X; for example,O′(B˜N (r)) is the dual space
of O(B˜N (r)).
Let T ∈ Exp′(E˜; (0)) and put
Tk,k−2l(w)=
〈
Tz,N(k − 2l, n)(z2)lP˜k−2l,n(z,w)
〉
. (15)
Then Tk,k−2l ∈ Pk−2l∆ (E˜) and we call Tk,k−2l the (k, k−2l)-harmonic component
of T .
Let f =∑∞k=0 fk ∈ Exp(E˜; (0)). The double series expansion (6) of f con-
verges in Exp(E˜; (0)). Thus by (4), we have
〈
Tz, f (z)
〉=
〈
Tz,
∞∑
k=0
[k/2]∑
l=0
(z2)lN(k − 2l, n)
∫
S
fk(ω)P˜k−2l,n(z,ω) ˙dω
〉
=
∞∑
k=0
[k/2]∑
l=0
∫
S
Tk,k−2l(ω)fk(ω) ˙dω.
By (5) and the orthogonality of spherical harmonics, we have
〈
Tz, f (z)
〉= ∞∑
k=0
[k/2]∑
l=0
∫
S
Tk,k−2l(ω)fk,k−2l (ω) ˙dω. (16)
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The following theorem generalizes Theorem 2.1 in [2].
Theorem 4.1. Let T ∈ O′(E˜) and let Tk,k−2l be the (k, k − 2l)-harmonic
component of T defined by (15). Then we have
(i) T ∈O′(B˜p(r)) if and only if
lim sup
k→∞
((
k!
2kl!(k − l)!
)1/p
‖Tk,k−2l‖C(S)
)1/k
< r; (17)
(ii) T ∈O′(B˜p[r]) if and only if
lim sup
k→∞
((
k!
2kl!(k − l)!
)1/p
‖Tk,k−2l‖C(S)
)1/k
 r.
Proof. We prove only (i) for 1 p <∞ (when p =∞, see [2]).
Let T ∈O′(B˜p(r)). Then by the continuity of T , there are r ′ < r and C  0
such that |〈T ,f 〉|  C sup{|f (z)|; z ∈ B˜p[r ′]} for f ∈ O(B˜p(r)). Define the
(k, k − 2l)-harmonic component Tk,k−2l of T by (15). Then by (2) and (3), for
ω ∈ S we have∣∣Tk,k−2l(ω)∣∣CN(k − 2l, n)
× sup{∣∣(z2)lP˜k−2l,n(z,ω)∣∣;
z ∈Σλ,R, 0 < λR, Rp + λ2p/Rp  2(r ′)p
}
CN(k − 2l, n)
×max
λ,R
{
λ2lRk−2l; 0 < λR, Rp + λ2p/Rp  2(r ′)p}
= CN(k − 2l, n)2k/p(r ′)k((k − l)k−l ll/kk)1/p,
because the maximum is attained at
λ= r ′(2√(k − l)l/k)1/p, R = r ′(2(k − l)/k)1/p.
As N(k,n)=O(kn−1), the Stirling formula implies
lim sup
k→∞
((
k!
2kl!(k − l)!
)1/p
‖Tk,k−2l‖C(S)
)1/k
 r ′.
Since r ′ < r , we have (17).
Conversely, suppose that a sequence {Tk,k−2l} of homogeneous harmonic
polynomials satisfies (17). Then there are C  0 and r ′ < r such that
‖Tk,k−2l‖C(S)  C
(
2kl!(k − l)!/k!)1/p(r ′)k.
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Take f ∈O(B˜p(r)) and expand it into the double series (6). Then by Lemma 2.1
we have (9) for any 0 < λR with Rp + λ2p/Rp < 2rp. Taking r ′′ < r ,
λp = 2(r ′′)p√(k − l)l/k, Rp = 2(r ′′)p(k − l)/k,
we have Σλ,R ⊂ B˜p[r ′′] and
‖fk,k−2l‖C(S)  Ck,l‖f ‖C(Σλ,R)
(
2kll(k − l)k−l)−1/pkk/(r ′′)k.
Therefore, we have
∞∑
k=0
[k/2]∑
l=0
‖Tk,k−2l‖C(S)‖fk,k−2l‖C(S)
C‖f ‖C(Σλ,R)
×
∞∑
k=0
[k/2]∑
l=0
Ck,l
(
2kl!(k − l)!
k!
)1/p(
kk
2kll(k − l)k−l
)1/p(
r ′
r ′′
)k
.
Thus, (10) and the Stirling formula imply that for any r ′′ with r ′ < r ′′ < r there is
a constant C′ such that
∞∑
k=0
[k/2]∑
l−0
‖Tk,k−2l‖C(S)‖fk,k−2l‖C(S)  C′‖f ‖C(B˜p[r ′′]),
which proves that the linear functional T defined by
T :f →
∞∑
k=0
[k/2]∑
l=0
∫
S
Tk,k−2l(ω)fk,k−2l(ω) ˙dω
is continuous onO(B˜p(r)). By (16) and (15), the (k, k−2l)-harmonic component
of T equals to the given Tk,k−2l . ✷
5. Entire functionals
A continuous linear functional on Exp(E˜; (r,Np)) or on Exp(E˜; [r,Np]) is
called an entire functional. The following theorem generalizes Theorem 2.2 in [2].
Theorem 5.1. Let T ∈ Exp′(E˜; (0)) and let Tk,k−2l be the (k, k − 2l)-harmonic
component of T defined by (15). Suppose 1 p,q ∞ and 1/p+1/q = 1. Then
we have
(i) T ∈ Exp′(E˜; (r,Np)) if and only if
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lim sup
k→∞
((
1
2kl!(k − l)!
)1/p( 1
k!
)1/q
‖Tk,k−2l‖C(S)
)1/k
<
1
r
; (18)
(ii) T ∈ Exp′(E˜; [r,Np]) if and only if
lim sup
k→∞
((
1
2kl!(k − l)!
)1/p( 1
k!
)1/q
‖Tk,k−2l‖C(S)
)1/k
 1
r
.
Proof. We prove only (i) for 1 p <∞ (when p =∞, see [2]).
Let T ∈ Exp′(E˜; (r,Np)). By the continuity of T , there are r ′ > r and C  0
such that |〈T ,f 〉| C‖f ‖X(r ′,Np) for any f ∈ Exp(E˜; (r,Np)). Then by (15) and
(3) we have
‖Tk,k−2l‖C(S)  CN(k − 2l, n) sup
{|z2|lL(z)k−2l exp(−r ′Np(z)); z ∈ E˜}
= CN(k − 2l, n)
× max
0<λR
{
λ2lRk−2l exp
(−r ′((Rp + λ2p/Rp)/2)1/p)}
= CN(k − 2l, n)2k/pll/p(k − l)(k−l)/pkk/qe−k/(r ′)k,
because the maximum is attained at
Rp = 2(k− l)kp−1/(r ′)p, λp = 2√(k − l)lkp−1/(r ′)p.
The Stirling formula implies
lim sup
k→∞
((
1
2kl!(k − l)!
)1/p( 1
k!
)1/q
‖Tk,k−2l‖C(S)
)1/k
 1/r ′.
Since r ′ > r , we have (18).
Conversely, suppose that a sequence {Tk,k−2l} of homogeneous harmonic
polynomials satisfies (18). Then there are C  0 and r ′′ > r such that
‖Tk,k−2l‖C(S)  C
(
2kl!(k − l)!)1/p(k!)1/q/(r ′′)k.
Consider the mapping
T :f →
∞∑
k=0
[k/2]∑
l=0
∫
S
Tk,k−2l(ω)fk,k−2l (ω) ˙dω
and prove that T is a continuous linear functional on Exp(E˜; (r,Np)). Suppose
f (z) ∈ Exp(E˜; (r,Np)) and expand it into (6). Then for any r ′ > r , the (k, k−2l)-
harmonic components of f satisfy (14). Therefore,
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∞∑
k=0
[k/2]∑
l=0
‖Tk,k−2l‖C(S)‖fk,k−2l‖C(S)
C‖f ‖X(r ′,Np)
∞∑
k=0
[k/2]∑
l=0
Ck,l
(
l!(k − l)!
ll(k − l)k−l
)1/p(
k!
kk
)1/q
exp(k)
(
r ′
r ′′
)k
and lim supk→∞ k
√
Ck,l = 1. Thus, if r ′ satisfies r < r ′ < r ′′, then by the Stirling
formula we can find a constant C′  0 such that∣∣〈T ,f 〉∣∣ C′‖f ‖X(r ′,Np),
which implies the continuity of T on Exp(E˜; (r,Np)). By (16) and (15), the
(k, k − 2l)-harmonic component of T equals to the given Tk,k−2l . ✷
The Fourier–Borel transform FT of T ∈ Exp′(E˜; (0)) is defined by
FT (ζ )= 〈Tz, exp(z · ζ )〉,
where ζ > 0 is sufficiently small. Then FT ∈ O({0}). We call the mapping
F :T →FT the Fourier–Borel transformation. Since
exp(z ·w)=
∞∑
k=0
[k/2]∑
l=0
Γ
(
n+1
2
)
N(k − 2l, n)
2kl!Γ (k − l + n+12 ) (z
2)l(w2)lP˜k−2l,n(z,w),
the Fourier–Borel transform FT of T ∈ Exp′(E˜; (0)) can be expanded into the
following double series in a neighborhood of 0 (see, for example, [9]):
FT (w)=
∞∑
k=0
[k/2]∑
l=0
Γ
(
n+1
2
)
2kl!Γ (k − l + n+12 ) (w
2)lTk,k−2l(w). (19)
By (19), Theorems 2.2, 3.1, 4.1, and 5.1, we have the following corollary:
Corollary 5.2. Suppose 1  p,q ∞ and 1/p + 1/q = 1. Then the Fourier–
Borel transformation F establishes the following topological linear isomor-
phisms:
F :O′(B˜p[r]) ∼−→ Exp(E˜; (r,Nq)), 0 r <∞,
F :O′(B˜p(r)) ∼−→ Exp(E˜; [r,Nq]), 0 < r ∞,
F : Exp′(E˜; (r,Np)) ∼−→O(B˜q [r]), 0 r <∞,
F : Exp′(E˜; [r,Np]) ∼−→O(B˜q (r)), 0 < r ∞.
Since N∗p(z)=Nq(z), this is a special case of the following A. Martineau’s theo-
rem [7]:
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Theorem 5.3. Let N(z) be a norm on E˜. The Fourier–Borel transformation F
establishes the following topological linear isomorphisms:
F :O′(B˜N [r]) ∼−→ Exp(E˜; (r,N∗)), 0 r <∞,
F :O′(B˜N (r)) ∼−→ Exp(E˜; [r,N∗]), 0< r ∞,
F : Exp′(E˜; (r,N∗)) ∼−→O(B˜N [r]), 0 r <∞,
F : Exp′(E˜; [r,N∗]) ∼−→O(B˜N (r)), 0< r ∞.
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